Resonant microelectromechanical systems (MEMS) offer distinct utility in signal processing and wireless communications applications due to their comparatively-high quality factors, low power consumption, and ease of integration with existing integrated circuit (IC) technologies. While a number of efforts have previously demonstrated the use of mechanically-coupled microresonators in bandpass signal filtering applications, the vast majority of these works have emphasized the use of resonator chains coupled in an open configuration, wherein the terminating (end) elements in the array are coupled to only a single resonator and the interior resonators are coupled solely to their nearest neighbors. While this configuration suffices for many MEMS-based filter designs, it is not guaranteed to be an optimal coupling architecture. The present work explores an alternative class of MEMS bandpass filters based on cyclically-coupled, closed-chain resonator configurations and specifically examines the pertinent performance metrics (effective quality factor, shape factor, bandwidth, ripple, and maximum transmission) associated with each architecture. By varying coupling strength and the quality factor of individual resonators over wide, yet realistic, parameter ranges, regions of superior performance for both open-and closed-chain filter architectures have been observed. Of particular interest here, is the fact that preliminary results indicate that cyclically-coupled resonator configurations exhibit improved ripple metrics, reduced frequency dependence * Address all correspondence to this author.
INTRODUCTION
The miniaturization of highly-selective, radio-frequency (RF) and intermediate-frequency (IF) bandpass signal filters has become a common rallying point in the signal processing and wireless communications communities. Though perspectives vary, this interest in miniaturization is largely motivated by the inherent integrability limitations of conventional mechanical filter components, such as quartz crystals and surface acoustic wave (SAW) devices, as well as the potential for improved performance (see, for example, [1, 2] ). Given this impetus, researchers working in both the signal processing and wireless communications areas have actively sought to develop microelectromechanical (MEMS) filters capable of displacing the aforementioned technologies, while simultaneously maintaining, or improving, form factor (size), power consumption, cost, center frequency, and quality factor metrics (see, for example, [1] [2] [3] [4] [5] [6] [7] [8] [9] ). Though initial research in this area focused on single-microresonator devices, due to their ease of fabrication and comparatively-high quality factors, more recent efforts have emphasized coupledmicroresonator architectures -electromechanical analogs of con- ventional ladder filters, which offer improved frequency selectivity and design flexibility. These higher-order MEMS filters are the focus of the present work.
Since the late 1990s, the vast majority of research pertaining to filters based on coupled microresonator arrays has focused on open-chain architectures. In these systems the terminating (end) elements of the array are coupled to only a single resonator, and the interior resonators are coupled solely to their nearest neighbors. While open-chain filter designs offer unquestionable utility, their optimality was challenged by Greywall and Busch in 2002, when they demonstrated a new class of MEMS filters based upon a non-traditional coupling architecture, namely, a cyclically-coupled variant [3] . This new class of filter was founded upon electrostatically-actuated drumhead resonators, which were elastically coupled to produce a desirable bandpass frequency response. Pertinent response characteristics associated with this system were improved by modifying both the overlap area between adjacent resonators, which altered inter-resonator coupling strength, and ambient pressure, which altered the filter's effective quality factor. While this work clearly demonstrated the feasibility of alternative MEMS filter designs, it, unfortunately, presented few formal comparisons between conventional open-chain architectures and their cyclicallycoupled brethren, and, thus, did not directly address the relative utility of the alternative approach.
The present effort seeks to build upon the earlier work of Greywall and Busch [3] by thoroughly evaluating the performance of cyclically-coupled, closed-chain filter architectures across the entirety of the feasible filter design space, and by benchmarking the acquired results against conventional openchain device designs. The work begins in Section 2 with the modeling and analysis of generic open-and closed-chain filter architectures. This is followed in Section 3 with the characterization and comparison of pertinent filter metrics (effective quality factor, shape factor, ripple magnitude, and maximum transmission) obtained from both conventional, open-chain and closedchain devices. Section 4 investigates the robustness of open-and closed-chain filters to process-induced variations, and the work ultimately concludes in Section 5 with a brief summary and comments on future work. 
SYSTEM MODELING AND ANALYSIS
In recent years, MEMS filters have adopted a variety of forms ranging from elastically-coupled plate resonators to electrostatically-coupled microbeams (see, for example, [1] [2] [3] [4] [5] [6] [7] [8] [9] ). Because of this breadth, the analysis detailed in the present effort considers generic filter models, which are both transductionand geometry-independent (Note that, as described in the conclusion, more directed studies are currently underway.). In light of this generic approach, consider the system of resonators shown (schematically) in Fig. 1 . This system represents an open-chain filter architecture wherein the terminating (end) resonators of the array are coupled to only one additional resonator and the interior resonators are coupled solely to their nearest neighbors. In most MEMS filter designs, the drive signal (typically consisting of both DC and AC voltage components) is applied solely to the first resonator in the chain (the input port) and the filtered output is recovered from the resonator furthest from the drive (the output port). Assuming that each resonator in this array exhibits only a single dominant mode, when isolated, and that the system response will be linear within the excitation range of interest, this system can be readily converted into a lumped-mass analog similar to that shown in Fig. 2 . Here, each of the n distinct resonators is modeled as a lumped mass m i attached to a (massless) linear spring of stiffness k i and a viscous damper with damping coefficient c i . Adjacent resonators are joined by weak coupling elements of stiffness k c and viscous dampers with damping coefficient c c . As brief analysis reveals, this model renders a comparatively-simple equation of motion of the form
where f i represents an actuation force which would be provided in final implementation by an electrostatic, piezoelectric, or electromagnetic element. Nondimensionalizing Eqn. (1), for ease of interpretation, using the parameters detailed in Tab. 1, results in a final equation of motion given, in matrix form, by
where the mass, forcing, damping, and stiffness matrices are given, for a four-element, open-chain filter, by 
The response of this system can be recovered using impedance methods, which yield a solution of the form
where the impedance matrix S oc for the open-chain system is defined according to
Note that for illustrative purposes, a representative frequency response for an open-chain system composed of 8 identical resonator is depicted in Fig. 4 . In contrast to the open-chain architecture detailed above, each resonator in a cyclically-coupled (closed-chain) architecture is coupled to two neighbors (see Fig. 3 ), and may be used as either an input or output port. Mathematically, this results in slightly modified damping and stiffness matrices, given by While these modification appear to be superficial, they, in fact, have dramatic consequence. For example, one can show that there is an appreciable shift in the system's eigenstructure. While the eigenvalues of the open-chain system must be computed numerically for large values of n, the symmetry of the impedance matrix S cc associated with a closed-chain system allows the pth undamped natural frequencyΩ p to be recovered in closed form [10] :
Of particular note here is the degeneracy in the natural frequencies caused by the cosine function. This leads to n 2 + 1 distinct natural frequencies when n is even and n+1 2 distinct natural frequencies when n is odd. As the resonances associated with these natural frequencies manifest themselves as peaks in the system's frequency response, a closed-chain system's response is symmetric when n is even. Because of this, the frequency response obtained from a closed-chain architecture will generally feature less amplitude variation across the entirety of the frequency response and reduced frequency dependency within the resonance passband, as compared to its open-chain counterpart (see Fig. 4 for a succinct comparison), provided variations between resonators are sufficiently small and the response doesn't appreciably localize. Figure 5 introduces a series of pertinent performance metrics, which can be used to directly compare various filter architectures. In addition to these, the present work also utilizes effective quality factor (EQF), shape factor (SF) and transmission metrics defined according to:
Bandpass Filter Specifications
Center Frequency 3 dB Bandwidth , SF = 10 dB Bandwidth 3 dB Bandwidth ,
where A is the amplitude of the system's harmonic response and A max is its maximum value within the passband. For illustrative purposes, Fig. 4 compares the frequency responses of two bandpass filters, each comprised of 8 resonators, which are coupled in an open and closed configuration, respectively. Here, all of the resonators are assumed to be identical, the drive signal is applied to the first resonator, and the output is recovered at the resonator furthest from the drive (i.e. at resonator 8 for the open-chain and resonator 5 for the closed chain). The coupling coefficientk c is defined to be 0.01, and the quality factor (Q) of the individual resonators is defined to be 500. As brief analysis reveals, under identical operating conditions, the open-chain design features a smaller passband (leading to higher EQF). However, the ripple magnitude associated with the open chain is greater, the recovered passband is asymmetric, and shape factors are comparatively inferior due to the presence of out-ofband resonances. As such, there is a readily-apparent trade-off in performance metrics, which, as verified in subsequent sections, is echoed throughout much of the feasible filter design space. Figure 6 compares the frequency responses of bandpass filters with different numbers of resonators coupled in open-and closed-chain configurations, respectively. As evident, as the number of resonators in the filters increases, there is a distinct reduction in passband ripple. Likewise, the bandwidths associated with 3 dB and 10 dB drops in transmission, are reduced. This results in higher, and thus improved, effective quality factor metrics. Increasing the number of resonators in a given filter design also serves to reduce shape factor. While this improvement, as well as the improvement in effective quality factor, is beneficial, it of course comes with a cost of reduced signal transmission, due to the increase in 'effective distance' between the input and output ports.
RESULTS AND ANALYSIS
As noted in the previous section, the theoretical discussion presented in this work is independent of the design of a given filter's constituent resonators. As a result, assuming that all masses and coupling elements are nominally identical, the equations of motion presented in Eqn. (2) can be expressed as functions of only two parameters -the inter-resonator mechanical coupling coefficient (k c ) and the uncoupled (isolated) resonator's quality factors (Q). As such, a rather thorough comparison between open-and closed-chain filter architectures can be performed by varyingk c and Q across wide, yet feasible, parameter ranges and comparing the acquired results. The detailed results of this investigation are presented in Figs. 7-11 . Note that in all of the deterministic plots presented here, pertinent performance metrics were numerically evaluated at 4941 uniformly-distributed points (in the log scale) in the feasible design space. Also note that designs exhibiting a ripple magnitude in excess of 3 dB within the passband were deemed infeasible for practical implementation and were thus flagged to be dark red in color in the work's contour plots.
Given the relative novelty of MEMS bandpass filters based on cyclically-coupled array architectures, it is important to briefly characterize the relationship between various filter design parameters and the devices' performance metrics (including effective quality factor, shape factor, and ripple). To this end, Fig. 7 details the effective quality factor (EQF) metrics associated with 6-element, closed-chain filter architectures. Not surprisingly, the figure reveals that higher effective quality factors can be recovered by minimizing inter-resonator coupling and maximizing the quality factors associated with individual resonators. Less intuitive, however, is the fact that the level curve associated with a particular effective quality factor spans appreciable portions of the feasible design space. To further clarify this, three level curves (constructed from a small subset of data points) corresponding to EQFs of 600, 930, and 2700, respectively, are shown in Fig. 7 . Interestingly, if one traverses these level curves from point A to point F, from point G to point L, and from point M to point R, one notices both a monotonic decrease in shape factor and a mild, but monotonic increase, in 3 dB bandwidth (see Fig. 8 ). Ripple simultaneously remains nearly constant across the level curve, until the flagged parameter region is approached, whereupon it increases quite rapidly. This latter fact confirms the clear trade-off between shape factor and ripple in closed-chain filter designs founded upon particular effective quality factor values.
By using the closed-chain filters' metrics as a basis for study, one can make direct comparisons between cyclically-coupled filter designs and their conventional open-chain counterparts. Figure 9 , for example, shows the difference between the EQFs asso- ciated with open-and closed-chain filter architectures. Note that comparisons are made between 6-element, closed-chain designs and both 4-element, open-chain designs (top) and 6-element, open-chain designs (bottom). This dual comparison is motivated by the fact that the effective distance between input and output ports in a 6-element, closed-chain architecture is 4, as the output port is on the 4th element. Not surprisingly, analysis of Fig. 9 reveals that open-chain filters offer superior effective quality factor metrics across most, if not all, of the feasible design space. Closed-chain architectures do, however, facilitate, a wider design domain. This is attributable to the fact that the region delineated with black dots represents a portion of the design space which is infeasible for open-chain filter operation (due to the imposed 3 dB ripple constraint), but is feasible for closed-chain system designs. Figure 10 depicts the difference between the shape factors associated with open-chain and closed-chain filter architectures, respectively. Analysis of this figure, in conjunction with Fig. 9 , reveals that there exists appreciable portions of the feasible design space wherein closed-chain filter architectures offer performance superior, in terms of shape factor, to their open-chain counterparts, while also providing a symmetric passband and reduced ripple. configurations, as well, and, in fact, yield improved transmission characteristics across sizable portions of the design space.
ROBUSTNESS IN THE FACE OF PROCESS-INDUCED VARIATIONS
Though the utility of cyclically-coupled, closed-chain filter architectures can be explored solely though the analysis of the deterministic effective quality factor, shape factor, transmission, and ripple metrics detailed above, another key aspect of filter design is the robustness of the device to process-induced variations. This is especially true for MEMS filters, where variations in material properties and geometry are inevitable, due to the inherent limitations of modern microfabrication techniques. In an attempt to quantify the robustness of both open-and closed-chain filter architectures, Monte Carlo simulations, which accounted for up to ±2% random variation in the normalized stiffness of each filters' constituent resonators, were initiated [11] . These simulations were repeated until satisfactory convergence in each performance metric was achieved, whereupon the standard deviation associated with each metric was computed and subsequently compared. Figures 12 and 13 depict the difference between the standard deviations associated with the center frequency of openchain and closed-chain filter architectures, with up to ±1% and ±2% random variation. Mathematically, this difference in stan- dard deviation is equivalent to:
where, CF i is the center frequency of the ith simulation iteration and CF denotes the mean center frequency of the entirety of the simulation's iterations. The suffixes OC and CC correspond to open-and closed-chain cases respectively. Analysis of these fig- ures reveals that the feasible design space contains a wide-range of standard deviations, which are both positive and negative in sign. In regions of low damping and weak coupling, open-chain architectures appear to be more robust to process-induced variations. In contrast, in regions with higher damping and stronger coupling, closed-chain architectures appear to be more resilient in the presence of mistunings. dard deviations is equivalent to:
where, EQF i is the effective quality factor of the ith simulation iteration and EQF denotes the mean effective quality factor value over all the iterations. In contrast to the center frequency, this figure reveals that almost all of the feasible design space consists of positive difference values, which indicates that the equivalent quality factor of closed-chain filters architectures is more robust to process-induced variations than its open-chain counterpart.
Figures 16 and 17 depict the difference in standard deviations associated with shape factor for open-and closed-chain architectures. Mathematically, this difference is defined to be where, SF i is the shape factor of the ith simulation iteration and SF denotes the mean of shape factor value, as computed using the entirety of the simulation's iterations. As with the effective quality factor, analysis of this figure reveals that closed-chain architectures appear to be much more robust to resonator mistunings than their open-chain counterparts.
While the numerical trends depicted here allow for the formation of the preliminary conclusion that closed-chain filter designs are generally more robust to process-induced variations than their open-chain counterparts, most likely due to the common-mode rejection inherent to the architecture, it is impor- tant to note that complete robustness characterization also requires an in-depth analysis of mode localization in the filters' frequency response, attributable to non-deterministic mistunings. This is especially true in the parameter regions of current interest to filter designers, due to the presence of weak inter-resonator coupling -a known cause of classical vibration localization in both macro-and microstructures (see, for example, [12] [13] [14] ). 
CONCLUSION
As noted in the introduction, resonant microelectromechanical systems (MEMS), and specifically MEMS filters based on coupled microresonator architectures, offer distinct utility in signal processing and wireless communications applications due to their comparatively-high quality factors, low power consumption, and ease of integration with existing integrated circuit (IC) technologies. This paper has sought to further the understanding of such devices, by investigating the feasibility and relative utility of filters based on cyclically-coupled, closed-chain array architectures -an idea which was originally proposed by Grey- wall and Busch in 2002. To this end, low-dimensional models have been developed which both qualitatively and quantitatively capture filter response. These models were non-dimensionalized to make the systems' dynamics a function of only two design parameters -coupling strength (k c ) and the quality factor of the filters' constituent resonators (Q), and simulated across wide, yet realistic, parameter ranges of the feasible design space. Contour plots were generated which depict key performance metrics, including effective quality factor, shape factor, transmission, and ripple, and these results were benchmarked against metrics recovered from conventional open-chain filter designs. Overall, it was determined that (i) there is a distinct trade-off between shape factor and ripple in both open-chain and closed-chain filter architectures, (ii) open-chain architectures yield higher effective quality factor metrics than their closed-chain counterparts, and (iii) closed-chain architectures yield superior ripple and robustness metrics across much of the feasible design space, as well as improved frequency response symmetry within and outside of the passband. Collectively, these results have recently spawned a more complete investigation of cyclically-coupled filter architectures, which includes multi-physics modeling, device fabrication, and experimental validation. Ongoing efforts are also focused on developing a refined predictive design capability for resonant, coupled micro/nanoresonator arrays, producing a refined understanding of mistuning and mode localization in these systems, and drawing stronger parallels between ongoing efforts in the MEMS/NEMS community and prior efforts in the areas of turbomachinery and structural dynamics.
